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Central Topic Today: Convergence of HPC and Big Data/AI 

process the torrents of business, industrial processes, and
social network data now being generated by consumer
devices and the burgeoning IoT. The pace of change in the
data analytics ecosystem is extraordinary, already render-
ing obsolete some of the elements in the figure above.

Thus, at least some of the major differences between the
HPC and the HDA ecosystems—software development
paradigms and tools, virtualization and scheduling strate-
gies, storage models (local vs cloud/SAN), resource alloca-
tion policies, strategies for redundancy, and fault
tolerance—can be accounted for by the fact that each
evolved during a distinctly different phase of the ongoing
digital revolution, driven by distinctly different optimiza-
tion criteria.3 For example, it can be reasonably argued that
scientific “big data” has existed for more than a decade, but
that it remained essentially “dark” (i.e. unavailable for
analysis) until commercial cloud technology and content
distribution networks began to provide broader access to
the computing power and data logistics needed by the com-
munities who wanted to analyze it.4 By contrast, the HPC
infrastructure model—a system of regional and national
supercomputing centers connected together by high-
performance research networks—was already fully mature
at the beginning of the century and serving the needs of the
modeling and simulation-centered parts of the scientific
community relatively well.

But even the ultimate convergence of the HPC and HDA
ecosystems, could it be achieved, would not help with the
ongoing breakdown of the other, more basic paradigm,

namely, the one in which networks only forward data-
grams, while all other storage and computation is per-
formed outside the network.

The problem is that much, if not most, of the explosive
growth in data generation today is taking place in “edge
environments” (i.e. outside of—and across the network
from—both HPC data centers and commercial cloud
machine rooms (Figure 2)). This includes not only major
scientific instruments, experimental facilities, and remote
sensors (e.g. satellite imagery), but even more importantly,
the incredible welter of digital data generators with which
the plans for “smart cities” and the IoT (Gorenberg et al.,
2016) are replete. For example, a recent National Science
Foundation workshop on the future of wireless networking
concluded that the ubiquitous deployment of sensor tech-
nologies that are a standard element in such plans will
“ . . . generate massive data inflows [that produce] as much
if not more data and network traffic than the World Wide
Web” and will therefore “ . . . reverse current loads, where
most data is produced in the cloud and consumed at the
edge” (Banerjee and Wu, 2013). Likewise, the authors of
the 2017 European Network on High Performance and
Embedded Architecture and Compilation report con-
cluded that

. . . to stem the flood of data from the Internet of things, we

must employ intelligent local data processing on remote

devices that use minimal energy. . . . This may well require
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Figure 1. Different software ecosystems for HDA and traditional computational science. Credit: Reed and Dongarra (2015). HDA:
high-end data analysis.
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Convergence of HPC and Big Data/AI: Consequences

• Computing platforms are are converging

• Adoption of HPC hardware and midlleware in clouds

• Adoption of cloud technologies is HPC

• Relevant question: how do underlying computations differ ?

• Use repeated matrix-vector multiply as a generalizable 
example



Easy Case: Dense Matrix Dense Vector

x =

• Common pattern in scientific computing, deep learning, ML
• Data access pattern completely regular
• Batches, tiling, blocking, etc. to run from cache
• Often compute bound
• Balanced communication pattern for distributed memory 



Intermediate Case: Sparse Matrix Dense Vector

x =

• Unstructured meshes in scientific computing, PageRank
• Data access pattern irregular but static
• Reordering techniques improve cache usage
• Typically memory bandwidth bound
• Unbalanced communication pattern in distributed memory 



Challenging Case: Sparse Matrix Sparse Vector

x =

• Graph algorithms, GNNs, data dependent computation paths
• Data access pattern irregular and dynamic
• Possibility of cache reuse is questionable
• Often latency bound
• Unbalanced communication pattern in distributed memory 
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The Most Basic Graph Algorithm: BFS

• Basic kernel of the Graph500

• Sequential algorithm trivial

• Efficient parallel 
implementation difficult



Challenges of Parallel BFS
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• Extremely communication
heavy

• Load balance not predictable

• Communication pattern
changes every round

• Communication volume
changes every round



Challenges of Parallel BFS can be Overcome
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• Rounds impose clear
structure on algorithm

• Number of rounds bounded
by graph

• Large-message all-to-all for
small world graphs

• Ultimately, BFS is a simple 
graph problem



BFS: Successful Parallelization



Why are Parallel Graph Algorithms still Difficult ?
Scalability! But at what COST?
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Abstract
We offer a new metric for big data platforms, COST,
or the Configuration that Outperforms a Single Thread.
The COST of a given platform for a given problem is the
hardware configuration required before the platform out-
performs a competent single-threaded implementation.
COST weighs a system’s scalability against the over-
heads introduced by the system, and indicates the actual
performance gains of the system, without rewarding sys-
tems that bring substantial but parallelizable overheads.

We survey measurements of data-parallel systems re-
cently reported in SOSP and OSDI, and find that many
systems have either a surprisingly large COST, often
hundreds of cores, or simply underperform one thread
for all of their reported configurations.

1 Introduction
“You can have a second computer once you’ve
shown you know how to use the first one.”

–Paul Barham

The published work on big data systems has fetishized
scalability as the most important feature of a distributed
data processing platform. While nearly all such publi-
cations detail their system’s impressive scalability, few
directly evaluate their absolute performance against rea-
sonable benchmarks. To what degree are these systems
truly improving performance, as opposed to parallelizing
overheads that they themselves introduce?

Contrary to the common wisdom that effective scal-
ing is evidence of solid systems building, any system
can scale arbitrarily well with a sufficient lack of care in
its implementation. The two scaling curves in Figure 1
present the scaling of a Naiad computation before (sys-
tem A) and after (system B) a performance optimization
is applied. The optimization, which removes paralleliz-
able overheads, damages the apparent scalability despite
resulting in improved performance in all configurations.

⇤Michael Isard was employed by Microsoft Research at the time of
his involvement, but is now unaffiliated.

†Derek G. Murray was unaffiliated at the time of his involvement,
but is now employed by Google Inc.

3001 10 100

50

1

10

cores

sp
ee

d
-u

p sys
tem

 A

system B

3001 10 100

1000

8

100

cores

se
co

nd
s

system A

system B

Figure 1: Scaling and performance measurements
for a data-parallel algorithm, before (system A) and
after (system B) a simple performance optimization.
The unoptimized implementation “scales” far better,
despite (or rather, because of) its poor performance.

While this may appear to be a contrived example, we will
argue that many published big data systems more closely
resemble system A than they resemble system B.

1.1 Methodology
In this paper we take several recent graph processing pa-
pers from the systems literature and compare their re-
ported performance against simple, single-threaded im-
plementations on the same datasets using a high-end
2014 laptop. Perhaps surprisingly, many published sys-
tems have unbounded COST—i.e., no configuration out-
performs the best single-threaded implementation—for
all of the problems to which they have been applied.

The comparisons are neither perfect nor always fair,
but the conclusions are sufficiently dramatic that some
concern must be raised. In some cases the single-
threaded implementations are more than an order of mag-
nitude faster than published results for systems using
hundreds of cores. We identify reasons for these gaps:
some are intrinsic to the domain, some are entirely avoid-
able, and others are good subjects for further research.

We stress that these problems lie not necessarily with
the systems themselves, which may be improved with
time, but rather with the measurements that the authors
provide and the standard that reviewers and readers de-
mand. Our hope is to shed light on this issue so that
future research is directed toward distributed systems
whose scalability comes from advances in system design
rather than poor baselines and low expectations.
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• Most graph algorithms are 
more difficult than BFS

• Programming models are not 
designed for graph 
applications

• Latency cannot be overcome 
inside the application



Outline Introduction Heuristics Exact Algorithms Edge Partitioning Parallel Algorithm
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Much more challenging: The Bipartite Matching Problem

• Given a bipartite graph

• Find a maximum set of
pairweise non-incident edges

• Useful for many interesting
applications (e.g. Shapley & 
Roth, 2012)

• Main motivation: pivoting in 
sparse direct solvers



Pivoting in Sparse Direct Solvers 

Gaussian elimination requires nonzero diagonal
Pivoting



Static Pivoting in Distributed Sparse Direct Solvers 

• SuperLU_DIST, 2003: 
“the main advantage of static pivoting over classical partial 
pivoting is that it permits a priori determination of data 
structures and communication patterns”
(SuperLU DIST: A scalable distributed-memory sparse direct solver for unsymmetric linear systems, X. Li, J. W. Demel)

Why do static pivoting ?



Transversals 

• Every sparse matrix A can be represented as a weighted 
bipartite graph GA

• A perfect matching in GA implies a permutation
• Permuted A has a full transversal (nonzero diagonal)



The Bipartite Matching Problem

Outline Introduction Heuristics Exact Algorithms Edge Partitioning Parallel Algorithm

Augmenting Paths

• Greedy solution will match
most vertices

• Matching remaining vertices
not trivial

• Need to find a sequence of
exchanges

• Many sequential algorithms
for this problem



The Bipartite Matching Problem

Outline Introduction Heuristics Exact Algorithms Edge Partitioning Parallel Algorithm

Augmenting Paths

• Alternating path suggests 
exchanges

• Augmenting path suggest 
cardinality increase

• Use BFS/DFS to find 
augmenting paths

• Search can be parallelized



Push-Relabel Algorithms

• Break down searches into
individual steps

• Use distance labeling to guide
searches

• Based on local decisions

Outline Introduction Heuristics Exact Algorithms 2D Partitioning Parallel Algorithm Weighted Bipartite Matching

Push Relabel Algorithms

4

2

0



Push-Relabel Algorithms

• Operation of swapping edges 
is called push

• Pushes can happen in parallel 
and asynchronously

• Hard to implement in the 
message passing model

Outline Introduction Heuristics Exact Algorithms 2D Partitioning Parallel Algorithm Weighted Bipartite Matching
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Push-Relabel Algorithms

• Algorithms are latency-bound 

• Distributed memory latency is 
always high

• Synchronous operation slows 
intra-node pushes to 
distributed latency 

• Asynchronous operation can 
overcome this

Outline Introduction Heuristics Exact Algorithms 2D Partitioning Parallel Algorithm Weighted Bipartite Matching

Push Relabel Algorithms
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Old vs New, Locality vs no Locality
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Fig. 4: Strong scaling of MCM-DIST when computing maximum matching on real matrices on Edison. The left and right
subfigures show the scaling of relatively smaller and larger matrices, respectively. 12 threads are used on all concurrencies
except on 24 cores where each process on a 2⇥ 2 grid employs 6 threads.
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Fig. 5: Runtime breakdown of MCM-DIST for four representative graphs using 12 threads per MPI process on Edison.
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Fig. 6: Strong scaling of MCM-DIST when computing maximum matching on three classes of randomly generated graphs
with five different scales on Edison.

where MCM algorithm initialized by Karp-Sipser runs the
fastest. Even for these matrices, dynamic mindegree performs
closely. Hence, in the rest of our experiments, we use only
dynamic mindegree to initialize our MCM algorithm.

B. Scalability of distributed-memory MCM algorithm
We show the strong scaling of our distributed-memory

MCM algorithm for 13 real matrices in Fig. 4. We show
speedups relative to the runtime of MCM-DIST on a single
node (24 cores) of Edison because we assume that the input
graphs are already distributed before invoking our matching
routine (discussed in Section VI-E). When we go from 24

cores to 972 cores (i.e., 40.5⇥ increase in core count), the
average speedup achieved on all 13 real matrices is 9⇥
(min: 5⇥ for amazon-2008, max 13⇥ for delaunay_n24,
stdev: 2.1). In Fig. 4, we show the scalability of smaller
matrices (left) and larger matrices (right) separately. Com-
puting matching on large matrices scales better than smaller
matrices, as expected. For example, going from 24 cores to
2014 cores, our algorithm attains about 18⇥ and 16⇥ speedups
on delaunay_n24 and road_usa, respectively.

To better understand the performance of MCM-DIST and
identify its bottlenecks, we show the runtime breakdown for
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How can UPC++ Help ?

1. One sided messaging
• Reduce synchronization overhead
• Reduce communication latency

2. Remote procedure calls
• Reduce complexity of 2D graph distribution



One Sided Messaging

Standard BSP-like message passing operation:
• Send all-to-all to send message sizes
• Use all-to-all to communicate pushes

Inefficient because most messages are empty

Author's personal copy

To estimate the effect of KARP–SIPSER initialization, we performed an experiment by running the uninitialized algorithm on
the test matrices used in the parametrized experiment. On average, running times were 39% slower than for the initialized
version. Detailed results can be found in Table 19 in the Appendix.

We estimate the effects of partitioning and transposition using the matrix av41092. It proved to be difficult in the perfor-
mance experiment, taking long running times relative to its size. Furthermore, for parallel auction algorithms in the
weighted case, it has proven to be exceedingly difficult in its unmodified form, and even more so after taking the transpose
[18,19]. In Table 4, we give running times for this instance and its transpose using a varying number of processors and com-
pare them with the running times on the Mondriaan partitioned version from Table 3. We also test to what extent the KARP–
SIPSER heuristic influences total running time here.

We observe that the running times on the transposed matrix are slightly longer. However, we do not observe the extreme
increases in running time described in [18] for the weighted case. The effect of KARP–SIPSER initialization seems to be erratic
here, sometimes increasing and sometimes decreasing running time. Thus, it is unclear under which circumstances the KARP–
SIPSER initialization improves performance here.

Concerning the effect of the partitioning, we observe a strong positive effect for small processor counts and a slight det-
rimental effect for large processor counts. However, this might be due to the fact that Mondriaan is unable to find a good
partitioning for 64 or even 128 processors on a matrix of this size. For practical instance sizes and processor counts, we
do not assume that this effect plays a large role. For the transposed partitioned matrix, running times were very good with-
out KARP–SIPSER initialization. The initialized runs showed erratic timings however. Still, we can conclude that the 2-D matrix
partitioning is useful here, although the computational cost of partitioning is high.

Parallel partitioners such as Zoltan [24] can reduce the computational cost. Since Algorithm 2 strongly exploits opportu-
nities for local computations, a high quality partitioning can be expected to increase performance.

7.4. Analysis of runtime spending

In Experiment 1 and 2 we observed that running times vary strongly among instances of comparable size. To gain further
insight as to where running time is spent we studied the round-by-round behavior of the algorithm. While it is not possible
to present such an in-depth analysis for all the matrices used in the experiments, we observed very similar behavior in all
instances, although the number of rounds varies greatly.

We present the round-by round analysis of the algorithm on av41092 here. We select the 16 processor case, using KARP–
SIPSER initialization and Mondriaan partitioning. This instance shows a typical behavior which we encountered in almost all
instances, with the exception of those instances where the initialization found a perfect or almost maximum matching.

Fig. 3. Round by round progress on instance av41092 using 16 processors. In (a), the time per round is shown. Clearly the first rounds take much more time
than others. After that, when smoothing over small regular spikes induced by global relabelings, the progress in rounds is relatively even, as shown in (b). In
(c) the remaining unmatched vertices are plotted against the rounds. Clearly, almost all vertices are matched in the beginning. The remaining unmatched
vertices are plotted against the time spent in the algorithm in (d). More than half of the running time is spent matching a very small number of vertices.
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Fig. 4: Weak scaling of NSR, RMA, and NCL on synthetic graphs.
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Fig. 5: Strong scaling results on 1-4K processes for different instances of Protein K-mer graphs.

tioned graph (450M edges), comprising of clusters of vertices
and high degree of connectivity between them. Although NCL
scales with the number of processes, NSR performs at least
1.5 � 2.7⇥ better across 512-2K processes. In order to gain
better insight on the performance of NCL, we present statistics
on the process graph for different number of processes with
this input in Table III. Due to high degree of connectivity
between processes, NCL/RMA is not efficient for this input
(in stark contrast to RGG distribution, where the maximum
degree is bounded).
TABLE III: Neighborhood graph topology statistics for stochastic block
partitioned graph on 512-2K processes.

p | Ep | dmax davg

512 1.31E+05 511 511
1024 5.24E+05 1023 1023
2048 2.10E+06 2047 2047

We now present performance results from the execution of
real-world graphs of moderate to large sizes. For the Protein
k-mer graphs in Fig. 5, we observe that RMA performs
about 25 � 35% better than NSR and NCL. In some cases,
performance of both RMA and NCL was 2 � 3⇥ better
than NSR. The structure of k-mer graphs consists of grids
of different sizes, in some cases when the grids are densely
packed, it affects the performance of neighborhood collectives
at scale.

Strong scaling results for the two social network graphs,
Friendster (1.8B edges) and Orkut (117M edges), are presented
in Fig. 6. We observe 2� 5⇥ speedup for NCL and RMA on
1K and 2K processes, relative to NSR. However, for both the
inputs, scalability of NCL and RMA is adversely affected with
larger number of processes. Similar to the stochastic block-
partition graph, we observe large neighborhood for NCL, as
shown in Table IV, resulting in poor performance for NCL.
For Friendster, the number of edges connecting ghost vertices
(|E0|) increase by 4⇥ on 4K processes, whereas for Orkut
the increase between 512 and 2048 processes is 14⇥. Since
we use blocking collective operations (for RMA/NCL), the
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Fig. 6: Performance of RMA and NCL on social network graphs.

TABLE IV: Neighborhood graph topology statistics for Friendster and Orkut.
p | Ep | dmax davg �d

Friendster on 2K/4K processes
2048 2.09E+06 2047 2045 2045.29
4096 8.33E+06 4095 4069 4069.87

Orkut on 512/2K processes
512 1.30E+05 511 509 509.03
2048 1.84E+06 2047 1797 1808.03

degree distribution adversely affects the performance at scale,
as compared to nonblocking Send-Recv implementation. Con-
sequently, we next present reordering as a potential approach
to address this problem (§IV-C).

C. Impact of graph reordering
We explore bandwidth minimization using the Reverse

Cuthill-McKee (RCM) [6, 24], which can be implemented in
linear time and is therefore a practical heuristic for large-scale
inputs. The reordered and original matrices that we use in our
experiments are presented in Fig. 7.

We observe counter-intuitive results with graph reordering,
due to a simple 1D vertex-based partitioning of data in our
current implementations. We observe that every process expe-
riences an increase in overall communication volume due to an
increase in the number of ghost vertices. Table V summarizes
this increase by presenting the number of edges augmented by
ghost vertices for a given number of partitions (i.e., |E0|), for
both the original and RCM-based reordered graphs. Overall,
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tioned graph (450M edges), comprising of clusters of vertices
and high degree of connectivity between them. Although NCL
scales with the number of processes, NSR performs at least
1.5 � 2.7⇥ better across 512-2K processes. In order to gain
better insight on the performance of NCL, we present statistics
on the process graph for different number of processes with
this input in Table III. Due to high degree of connectivity
between processes, NCL/RMA is not efficient for this input
(in stark contrast to RGG distribution, where the maximum
degree is bounded).
TABLE III: Neighborhood graph topology statistics for stochastic block
partitioned graph on 512-2K processes.

p | Ep | dmax davg

512 1.31E+05 511 511
1024 5.24E+05 1023 1023
2048 2.10E+06 2047 2047

We now present performance results from the execution of
real-world graphs of moderate to large sizes. For the Protein
k-mer graphs in Fig. 5, we observe that RMA performs
about 25 � 35% better than NSR and NCL. In some cases,
performance of both RMA and NCL was 2 � 3⇥ better
than NSR. The structure of k-mer graphs consists of grids
of different sizes, in some cases when the grids are densely
packed, it affects the performance of neighborhood collectives
at scale.

Strong scaling results for the two social network graphs,
Friendster (1.8B edges) and Orkut (117M edges), are presented
in Fig. 6. We observe 2� 5⇥ speedup for NCL and RMA on
1K and 2K processes, relative to NSR. However, for both the
inputs, scalability of NCL and RMA is adversely affected with
larger number of processes. Similar to the stochastic block-
partition graph, we observe large neighborhood for NCL, as
shown in Table IV, resulting in poor performance for NCL.
For Friendster, the number of edges connecting ghost vertices
(|E0|) increase by 4⇥ on 4K processes, whereas for Orkut
the increase between 512 and 2048 processes is 14⇥. Since
we use blocking collective operations (for RMA/NCL), the
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TABLE IV: Neighborhood graph topology statistics for Friendster and Orkut.
p | Ep | dmax davg �d

Friendster on 2K/4K processes
2048 2.09E+06 2047 2045 2045.29
4096 8.33E+06 4095 4069 4069.87

Orkut on 512/2K processes
512 1.30E+05 511 509 509.03
2048 1.84E+06 2047 1797 1808.03

degree distribution adversely affects the performance at scale,
as compared to nonblocking Send-Recv implementation. Con-
sequently, we next present reordering as a potential approach
to address this problem (§IV-C).

C. Impact of graph reordering
We explore bandwidth minimization using the Reverse

Cuthill-McKee (RCM) [6, 24], which can be implemented in
linear time and is therefore a practical heuristic for large-scale
inputs. The reordered and original matrices that we use in our
experiments are presented in Fig. 7.

We observe counter-intuitive results with graph reordering,
due to a simple 1D vertex-based partitioning of data in our
current implementations. We observe that every process expe-
riences an increase in overall communication volume due to an
increase in the number of ghost vertices. Table V summarizes
this increase by presenting the number of edges augmented by
ghost vertices for a given number of partitions (i.e., |E0|), for
both the original and RCM-based reordered graphs. Overall,
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One Sided Messaging

Locality aware algorithm has load imbalance
• Traditional communication rounds force idling
• Asynchronous messages can overcome this

UPC++ enables using the flexibility of the algorithm



RPCs for 2D Data distribution

• 2D (edge) distribution

• Vertices are shared among 
processors

• Requires communication to 
find push targets

• RPC can simplify this
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Distributed Perfect Matching
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Handling Split Vertices: Connector Tokens
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Connector Tokens: Bids via RPC
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Further Applications: Graph Databases

neo4j.com71 neo4j.com71

A Comprehensive Guide to Graph Algorithms in Neo4j

Chapter 9 
Graph Algorithms in Practice
In this section we’ll learn how to apply graph algorithms in data-intensive applications. We will 
be using data from Yelp’s annual dataset challenge.

Yelp.com has been running the Yelp Dataset challenge since 2013, a competition that 
encourages people to explore and research Yelp’s open dataset. As of Round 10 of the 
challenge, the dataset contained:

• Almost 5 million reviews

• Over 1.1 million users

• Over 150,000 businesses

• 12 metropolitan areas

Since its launch, the dataset has become popular, with hundreds of academic papers written 
about it. It has well-structured and highly interconnected data and is therefore a realistic 
dataset with which to showcase Neo4j and graph algorithms.

Graph Model
The Yelp data is represented in a graph model as shown in the diagram below.
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Yelp Graph Model

Our graph contains User labeled nodes, which have a FRIENDS relationship with other 
Users. Users also WRITE Reviews and tips about Businesses. All of the metadata 
is stored as properties of nodes, except for Categories of the Businesses, which are 
represented by separate nodes.• Interactions between real-world objects are often unstructured
• Processing naturally imposes graph properties
• Ignoring graph sparsity leads to quadratic runtimes



Further Applications

neo4j.com16 neo4j.com16

A Comprehensive Guide to Graph Algorithms in Neo4j

The following table offers a sampling of problems and the specific graph algorithms that have 
been used to solve them.

Challenges & Graph Algorithms That Have Been Used to Solve Them1

Challenge Algorithm Algorithm Type

Figure out traffic load capacity and plan 
distribution or logistics in an urban area

All Pairs Shortest Path Pathfinding

Create a low-cost tour of a travel 
destination

Minimum Weight 
Spanning Tree

Pathfinding

Identify the most influential machine 
learning features for extraction and 
model updates

PageRank Centrality

Separate the fraudsters from the 
legitimate users in an online auction

Weighted Degree 
Centrality

Centrality

Identify the bridge points that connect 
separate groups

Betweenness Centrality Centrality

Determine the delivery ETA for a 
package

Closeness Centrality Centrality

Find potential duplicate records Union Find Community Detection

Figure out dangerous interactions 
between prescription drugs

Label Propagation Community Detection

Research structures in the brain Louvain Modularity Community Detection

1. This list offers inspiration about the types of problems that graph algorithms have solved. Inclusion on this list does not imply that the 
work in question was done using Neo4j.
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works. To handle the complexity of graph data, new gen-
eralizations and definitions for important operations have
been rapidly developed over the past few years. For in-
stance, Figure 1 illustrates how a kind of graph convolution
is inspired by a standard 2D convolution. This survey aims
to provide a comprehensive overview of these methods, for
both interested researchers who want to enter this rapidly
developing field and experts who would like to compare
graph neural network algorithms.

A Brief History of Graph Neural Networks The nota-
tion of graph neural networks was firstly outlined in Gori
et al. (2005) [16], and further elaborated in Micheli (2009)
[17] and Scarselli et al. (2009) [18]. These early studies learn
a target node’s representation by propagating neighbor in-
formation via recurrent neural architectures in an iterative
manner until a stable fixed point is reached. This process
is computationally expensive, and recently there have been
increasing efforts to overcome these challenges [19], [20]. In
our survey, we generalize the term graph neural networks to
represent all deep learning approaches for graph data.

Inspired by the huge success of convolutional networks
in the computer vision domain, a large number of methods
that re-define the notation of convolution for graph data have
emerged recently. These approaches are under the umbrella
of graph convolutional networks (GCNs). The first promi-
nent research on GCNs is presented in Bruna et al. (2013),
which develops a variant of graph convolution based on
spectral graph theory [21]. Since that time, there have been
increasing improvements, extensions, and approximations
on spectral-based graph convolutional networks [12], [14],
[22], [23], [24]. As spectral methods usually handle the
whole graph simultaneously and are difficult to parallel
or scale to large graphs, spatial-based graph convolutional
networks have rapidly developed recently [25], [26], [27],
[28]. These methods directly perform the convolution in the
graph domain by aggregating the neighbor nodes’ informa-
tion. Together with sampling strategies, the computation can
be performed in a batch of nodes instead of the whole graph
[25], [28], which has the potential to improve efficiency.

In addition to graph convolutional networks, many alter-
native graph neural networks have been developed in the
past few years. These approaches include graph attention
networks, graph autoencoders, graph generative networks,
and graph spatial-temporal networks. Details on the catego-
rization of these methods are given in Section 3.

Related surveys on graph neural networks. There are
a limited number of existing reviews on the topic of graph
neural networks. Using the notation geometric deep learning,
Bronstein et al. [8] give an overview of deep learning
methods in the non-Euclidean domain, including graphs
and manifolds. While being the first review on graph con-
volution networks, this survey misses several important
spatial-based approaches, including [15], [20], [25], [27],
[28], [29], which update state-of-the-art benchmarks. Fur-
thermore, this survey does not cover many newly devel-
oped architectures which are equally important to graph
convolutional networks. These learning paradigms, includ-
ing graph attention networks, graph autoencoders, graph
generative networks, and graph spatial-temporal networks,
are comprehensively reviewed in this article. Battaglia et

(a) 2D Convolution. Analo-
gous to a graph, each pixel
in an image is taken as a
node where neighbors are de-
termined by the filter size.
The 2D convolution takes a
weighted average of pixel val-
ues of the red node along with
its neighbors. The neighbors of
a node are ordered and have a
fixed size.

(b) Graph Convolution. To get
a hidden representation of the
red node, one simple solution
of graph convolution opera-
tion takes the average value
of node features of the red
node along with its neighbors.
Different from image data, the
neighbors of a node are un-
ordered and variable in size.

Fig. 1: 2D Convolution vs. Graph Convolution.

al. [30] position graph networks as the building blocks for
learning from relational data, reviewing part of graph neu-
ral networks under a unified framework. However, their
generalized framework is highly abstract, losing insights on
each method from its original paper. Lee et al. [31] conduct
a partial survey on the graph attention model, which is
one type of graph neural network. Most recently, Zhang et
al. [32] present a most up-to-date survey on deep learning
for graphs, missing those studies on graph generative and
spatial-temporal networks. In summary, none of the existing
surveys provide a comprehensive overview of graph neural
networks, only covering some of the graph convolution
neural networks and examining a limited number of works,
thereby missing the most recent development of alternative
graph neural networks, such as graph generative networks
and graph spatial-temporal networks.

Graph neural networks vs. network embedding The
research on graph neural networks is closely related to
graph embedding or network embedding, another topic
which attracts increasing attention from both the data min-
ing and machine learning communities [33] [34] [35] [36],
[37], [38]. Network embedding aims to represent network
vertices into a low-dimensional vector space, by preserving
both network topology structure and node content informa-
tion, so that any subsequent graph analytics tasks such as
classification, clustering, and recommendation can be easily
performed by using simple off-the-shelf machine learning
algorithm (e.g., support vector machines for classification).
Many network embedding algorithms are typically unsu-
pervised algorithms and they can be broadly classified into
three groups [33], i.e., matrix factorization [39], [40], ran-
dom walks [41], and deep learning approaches. The deep
learning approaches for network embedding at the same
time belong to graph neural networks, which include graph
autoencoder-based algorithms (e.g., DNGR [42] and SDNE
[43]) and graph convolution neural networks with unsuper-
vised training(e.g., GraphSage [25]). Figure 2 describes the
differences between network embedding and graph neural
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<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
<latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="c5O5JuZLnHr2YYnYcAr/a2hwAn0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoOQKtzZaCMEbCwjmg9IjrC3mSRLdveO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLROnmmGTxSLWnYgaFFxh03IrsJNopDIS2I4mt3O//YTa8Fg92mmCoaQjxYecUeukB3kT9MsVv+YvQNZJkJMK5Gj0y1+9QcxSicoyQY3pBn5iw4xqy5nAWamXGkwom9ARdh1VVKIJs8WpM3LhlAEZxtqVsmSh/p7IqDRmKiPXKakdm1VvLv7ndVM7vA4zrpLUomLLRcNUEBuT+d9kwDUyK6aOUKa5u5WwMdWUWZdOyYUQrL68TlqXtcCvBfd+pV7N4yjCGZxDFQK4gjrcQQOawGAEz/AKb57wXrx372PZWvDymVP4A+/zB74jjVU=</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit>

m = 2
<latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>

m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

m = 0
<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
<latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="c5O5JuZLnHr2YYnYcAr/a2hwAn0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoOQKtzZaCMEbCwjmg9IjrC3mSRLdveO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLROnmmGTxSLWnYgaFFxh03IrsJNopDIS2I4mt3O//YTa8Fg92mmCoaQjxYecUeukB3kT9MsVv+YvQNZJkJMK5Gj0y1+9QcxSicoyQY3pBn5iw4xqy5nAWamXGkwom9ARdh1VVKIJs8WpM3LhlAEZxtqVsmSh/p7IqDRmKiPXKakdm1VvLv7ndVM7vA4zrpLUomLLRcNUEBuT+d9kwDUyK6aOUKa5u5WwMdWUWZdOyYUQrL68TlqXtcCvBfd+pV7N4yjCGZxDFQK4gjrcQQOawGAEz/AKb57wXrx372PZWvDymVP4A+/zB74jjVU=</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit>

m = 2
<latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>

m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

Figure 7: Example of message passing. Each row highlights the information that di↵uses through
the graph starting from a particular node. In the top row, the node of interest is in the upper
right; in the bottom row, the node of interest is in the bottom right. Shaded nodes indicate how far
information from the original node can travel in m steps of message passing; bolded edges indicate
which edges that information has the potential to travel across. Note that during the full message
passing procedure, this propagation of information happens simultaneously for all nodes and edges
in the graph (not just the two shown here).

apply an elementary dynamics update, and the decoder might read out the final positions from the
updated graph state.

Similar to the encode-process-decode design, recurrent GN-based architectures can be built by
maintaining a hidden graph, Gt

hid, taking as input an observed graph, Gt
inp, and returning an output

graph, Gt
out, on each step (see Figure 6c). This type of architecture can be particularly useful for

predicting sequences of graphs, such as predicting the trajectory of a dynamical system over time
(e.g. Sanchez-Gonzalez et al., 2018). The encoded graph, output by GNenc, must have the same
structure as Gt

hid, and they can be easily combined by concatenating their corresponding ek, vi,
and u vectors (where the upward arrow merges into the left-hand horizontal arrow in Figure 6c),
before being passed to GNcore. For the output, the Gt

hid is copied (where the right-hand horizontal
arrow splits into the downward arrow in Figure 6c) and decoded by GNdec. This design reuses GN
blocks in several ways: GNenc, GNdec, and GNcore are shared across each step, t; and within each
step, GNcore may perform multiple shared sub-steps.

Various other techniques for designing GN-based architectures can be useful. Graph skip
connections, for example, would concatenate a GN block’s input graph, Gm, with its output graph,
Gm+1, before proceeding to further computations. Merging and smoothing input and hidden graph
information, as in Figure 6c, can use LSTM- or GRU-style gating schemes, instead of simple
concatenation (Li et al., 2016). Or distinct, recurrent GN blocks (e.g. Figure 4b) can be composed
before and/or after other GN blocks, to improve stability in the representations over multiple
propagation steps (Sanchez-Gonzalez et al., 2018).

4.4 Implementing graph networks in code

Similar to CNNs (see Figure 1), which are naturally parallelizable (e.g. on GPUs), GNs have a
natural parallel structure: since the �e and �v functions in Equation 1 are shared over the edges
and nodes, respectively, they can be computed in parallel. In practice, this means that with respect
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• Standard deep learning uses 
structured inputs

• Real-world entities do not 
follow dense structures

• GNNs overcome this limitation

• Considered by some to be the 
next fundamental step in AI

• Require immense graph 
processing capabilities

Standard convolution vs graph convolution

Message-passing GNN



Questions ?


